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XXV. yl new Method of finding Fluents by Continuation. B^r 
i&e Rev. SzmudYmce, AM. T. R.S, 



Read July 6, 1786, 

ART. I. Put F'= ^*^ = !<r-'x - a'-x'^-^'x + a^"x*"-^''x -^ 

«rc -»-'' i " then F= ^^ -— +^~± - &c. 

dfcW, where W reprefents the fluent of the laft term. Now 

m . *' 's- 1 

XX /* W • ^ K 1 »J 

J- / , x jyXfl +^ ' Tj* 

n V .I.V.- " ^" J. v."! •-' ««j.«* ~ 



J!JL_ = lf2ii±i_; hence/ ;= I 'LJj^±±lL^- 

TTIS; «" + / ^ «'+*''l ^ a" + ** 

a -\-x ' 

^ X ^^H^'~'~yF X izr.i^f!l!f _ (by fubftitutmg for F its 
value m the latter quantity) Fx a" + *"] ~ ^Err, ^ 



«— «+ 1 

m—in . 



rw X ^^^ •"*""'" ; tranfpofe - ii:!^ x T-JLi- and divide 

both fides of the equation by ""J^^^l and we have 
r^JLL- = J^n^±i X F X FT*^""'-}- . 



»2 — »+ I j^ I — r . na ^ 



~ n'' m-rn+i m-rn + i m-2n+i 

a -\-x I 

J -rriX'- m-rn + i tn-^n+i J JT^' m-rn+i 

/ 



Mr. Yince's m%i) Me/h^, &c. 1.3^ 

r\y xEli^ilLl^i now the fluent of the kft term Is 

m--n+i_ xWx^' + A^i db / X / ^---_--- ; hence by 

fubftituting this quantity for the laft term, it is manifeft. 



that the firfl: part =t= 5Zl±i. x W K^^^rih^ will be deftroyed 






by the laft term of — -— x F x ^"-f ^'I'^^when we fubftitute 

-' m—rn+ 1 

for F its value; hence if we put M— — — -f' 

m — n+t m-zn + 1 

1— . &G. omittinff the laft term :±; W, we have 



f —)'■ OT— r«+i m — rn-^i m—2n-{-i 

x''+x ' 



.m—»+ I 



t ri.; hence, if the fluent of the laft term be 

• — f - • ' , 

given, we have the general law of continuation hj which we 
may find the fluent of —-• If the fluxion be ±^ all the 

terms after the firft will be negative, and the laft always 
jpofitive. 

Ex. I. Given the fluent of --^ to And the fluent oi 



Vi -{-x 



■2. ' 



»-"^J 



HcreK=2, ^=1, « = 2J, r=§, M=-— '- — -+&e. to* 



:^, 
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ftx, and the fluent of ■ y'^ ■ _ Is the hyp. log. x -i- s/i-i- x^ 

which call O ; hence /V-^ = iizJ x M x ^/^+^+ -^i^: 

' If J =* I , T-^^ = i v^r+^' X ;f - ^ = a, 

j = 2, r-^L.= I v/f+^x !l-;v+ |«+ |Q = iS. 
J Vi-^x"- 3 

»/vi+*" 5 3 0.3 6 o 

&c. &c. &c. 



Ex. 2. To find the fluent of x'' x\/z-\-x^ given the fluent 
©f x~^x'>/z-^x, and s an odd number. 

Here^=2, «=i, r= -I, i=w, w-'U«=: -I, or — --o 



2 

— I — J 



= „|; .-.-yrri+i, M =3^ - ^'— + ?^- &c. and the 

2 J i — 2 ^^"4 

fluent (Q^) of a;~'x \/z + a; is tt + v^zat + a;% where tt = hyp. 

x^ X s/l + x = — ^ X 2 + x] X 
j+ 3 

M + -^ X — X fx^ ~'x\/2 + X f_ X — X /x^ ~'xv/2 + X 

X" Xv''2-fA .&;C,=!=-i-X2 * X / ^~^X 

v'2+^. if 
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, """I 

s - ^^fx^xs/z + x-i X aT^ ' X — - 4*^ 4- 3« + 2Q.=j9. 



.»-• i- 



s = 5,ylv^ v/z +a: = 4. X 2 HmI^ X ?£" _ 1^4. 8*^ + ^ ^ -; 



1 = 7, /"*^;cv/2 + ^-^xrr^ x2i:-lf!+— -16**+ 
' -^ 7 S 3 

— y - —^3 -i — « + T" ^» 
as'^ Si S 

&C. &c. ifec. 

11. Let F- ^ — - = x''~^''x - Vx''-i'"x + Q^-4«-c - ^C. :±r 

rt + i^' + Ar^"* 

V*""^*"* ^W*^;;f5_!5 then F - ^""""'^' - P>^'"'^"~' Qv"-4"»+« 



— &c.=»=Td=U, where T and U are put for the fluents of the 
two laft terms, and P, Q, &c. for the coefficients arifing from 

thedivlfion. Now, r___i^= ril£5i!±BZ=: 

Y%a -^b!e + !^ - / F + — ---—:=====-—- — = (by 

fubftituting for F its value in the latter quantity, and putting 
A, B, C, &c for the co-efficients which arife In confequence 

thereof) Fx« + ^^"'+'^' '-Ax /"z~~=r; + B x 

~-^-^~ - C X fr--^—^ + &c. 
Vol. LXXVI. L 1 I =53: 



43'6 Mr. VincR*^ ne%v Method of 

~ y* U X ^"^ • "'^<l!f±IEL; ^""^'"~'^; hence by tranfpofitlow 






^ 



and divifion we nave / --f — — ~ -I— xF x a +bx'"'^ x^""^ 

aA-bx -^-x I 

I+A 4/ " ,'m~ 7^' 1 + A ^ , , w» , mI' 



- ^ . 'imx^?~'^x 



=r- /'■JLx ---^' -^ +l=l^ .J=!r:j. Now the fluents- 
of thefe two laft terms are =?=- — x J+r^J«"+^^~''r»= _-!-.■ 

I + A I+A 

w/: .,■>/<, XT)' i + A ■ i^A / -— .r 

,« + <^;ir +.V I , Jf tf + i^^^+ArH 

refpedively ; henee, by fubftituting thefe for the laft tcrrn,: 
it is , manifeft that =5= x a + dx'" + x^'~'^ and =?: -Z- 

X a + h"' + x"'\ will be deftroyed by the two iaft terms of 
— i- X F X a + i^x'^ + x^^ when we fubftitute for F its value ; 

hence, if we put M=i ---■ifL____ tlif _ &e. 

a— 2W2+I « — 3m+i ra — 4»?+i 

Omitting the two laft terms =i= T and =fc U, we fliall have 

/ ^•^ = — L. X M X a + bx^ + x-""]'"' + J?_ X 
a-\ bx +-A j 

„-i__f___ -._£_. X r-j^ — ^ + &c. dfc JL X 

/ 
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n— sia. ,^7- „ «— i + i 



* A' 



w .. *• 



K "^ ^~; hence if the two lall: 

fluents be given, we have the general law of continuation up to 

« . 

.. If in the fanae manner as before. 

,r 

III. In general, if we proceed as in the twolaft articles, we 
ihallfind f -^^ y=^ X a+ dx"' -f &^rP^'~''+ 3 

.. ., -,,: + p "< / = 






+ &c. .^ ^ 






&c. where the 



a + bx"'+&ic.x"'{ "^ « + /'/'' + &c.Ar''^ 



number of thefe lafl terms is /, and M = ^:rj;^^ ~ -tTT:;;^! 
'+ &c. omitting, as before, the terms at the end arifing from 
the remainders. Hence if the laft / fluents be given, we can 
ty continuation find the required fluent. 

Becaufe the divifioa of /""'■ -- may be expreffed by an 

■ H-j- llx'''-\- &C. X 

afcendmg feries x'x- Q^+""^ + Ra^^+^^i - &c. it is manifefl, that 
by the fame method we may continue the fluents downwards 
as well as upwards. 



« . 



IV. Let F =:-^^ = - x''~^x-x''~'-x-~x''~^x-~kc. -•x"~''x-^ 

i — x 

1-^, then F = » 1 - ^ ^ f__- „ &c. - 1-—-- + W, where 

3.~x n n—l «— 2 « — r+i ' 

W is the fluent of the laft term. Now -~^=^ = --^ x \/ ~— ^ , 

i/ 1 _;«•'■' 1—^ ^ l-\-X 

L i 1 3 hence 
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hence /"_£== fjLlxJl^=F-^J^^+ f^ k 



V' 



_„ ''.^ -&C.- / ■ ^ ,__l-===^ + 

?2— 2 . Vl— ^'XI+A? ^^ « — r+I. Vl_A-2Xl + « 

f^ y. -y^-^.^ .. But 



*"i 


A-"- 


I ■ 

X 


l-.^X 1 +*• 


-./r 


-.^ 


n — I . 


z 




vn? X I +i" 




« — 2 . 

^ X 






Vi-x^X 1+x 


" 




&C. 






/-'+^;J 







a' *j; - XX XX 

. — &c. =p . 



.^ . .,.. „ 1, , III! .......■^„ — -KC. rp . .. . M I . - —^ -4~ I i ' I ■_^jj ' 

K—2. B— ? . B— C „"""'■• 






„_I . Vi —^^ « - 1 . t/I-;v^ ' «-l . -/ I-il?'' »-I . "^X-X^ X I +# 



X 'x X X X X 



72— 2.*^^l-.v* ' n-% . Vi-^* »-2 . Vi-**'xi'+# 

&c. &c, 

B— f . ■ «-*''' • 

X X •»= * 



Hence/-^ = F x JlEf _ I. >< /^^L + £ _ _i_ ^.. 



&0. 



„_r+i '^ Vi-x^ " »— ^ ' «-r+i •-' Vi— «'x !+.*■ 

; . r-VV X _.=:=iL.=:=,. Now /"W X ^ ,. f . =■- W X 

^^- T JL^^ aifo / -^. _^ 1^ = -;t''-'-x J—: + 

'V -"^-^^Z7"x / -''=-:=l.; hence, by fubftituting 

thefe quantities ua the two laft terms, it is manifeft that 
- W X 13^ will be deftroyed by the laft term of 
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MiMMMMM^T' 

F X iZllr when- we fubftitute for F its value ; therefore, if we 

14-*' 






putM=-l-l— ^1~- - &c. - J! , we fhall have 



1 I <,_ I 



7 j:— — ■ r ^"-'■^ 

&C. r- X « - r + i + I X / — -=_r- =5 



« «— I «_r+i ^^ *>^i-~.x^ 



i_4-_i__&c, + — ^--xx—rx /f '—. Hence, if the 

n n—i «— r+ 1 'J V x—i^ 

two laft fluents b& given, we have the general law of conti* 

liuation up to the fluent of --==-, where the index of x with- 

out the vinculum increafes by unity each time. And in the 
fame manner we may (by inereafing the index of x A'ithout bjr 

m) find the fluent of ~—Z.^L-^._ if we have eiven the fluents of 






and ''■ =: ^ . Thus we have a general law of con- 



</ — ;f a —A" 



tinuation, where the index of a? without is increafed by-half 
the index under the vinculum. 



x* — b 



^, thenF=:-^^-_l-+ei-_-+*4---- +; &b. + W, 



where W is put for the fluent of the laft term. Now 
J «"i"V.:., "i =. / — — . V v/^""^ x A"«-^ = F. X v/*»-^x^'« + /^ 
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F X -~^z.^sd^z:is^,^r— = (by iubftituting for F its 

value in the latter quantity, and putting A, B, C, &c. for 
the co-^efficieats which arife. therefrom) F x s/x'" — a x x"' — ^-' 

^x—axx—b *' ^ —aXx —b x —axx —b 

w X a^^^--!:±L^^-^. Now _-_^^;,^ =, 

% X —axx. —b ' X —axx —b 

iv/flnf, &c. But 

,, r n—Tin . 



. = :;e'^«'x + 5a:"--*"'x4- fl''*''""^*'^ + &c. + a'-''x''-'-'"x + 



iV — « 



B— W . . « 

•! f := X''-^»X + &C. + «'-3;c''-''"X + 

*"_a X -a 

&c. &c. &c. 

Hence, by fubflitution,y -xTsi SJ'—^ = F x s/x" -a x x'" - b 

X A«-3"'W^^-^~^ - &c. - A^^^^^MnB^^^^^V+"G^ X { 

%/ • X —b 

/j M f ti—rm . 

'^n^m^slZ-Zf. ^ Aa' + Ba"^-' + Ca'-^ + &c. x / --^^==4 



fW X 2«^"" 'x-a + l>.mx x^ gyj. 



2' ;t"'-«x«""-* 



+ ;f'"-^ 






/ 
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2 A? — tfX'*' 

•^I/xJ x''~'''"xJ'fizl; hence, by fubftitutingthis for thelaft 

' ^ ""■ '"li"'" '" - ^-*— '" " " '' • 

term, It is manifeftj that -^W x v'^- _^, x x" — l? will be de- 
ilrojed by the laft term of F x s/a"" -ax.x'" -b when we fub- 
flitute for F its value j therefore^ if we put M = .^ . j^ 

"" +8CC. + - — -» we have/ x'-x sJ-Zj = M X 



« — 2« +1 n — rm+i 



X '—b 



X — b A — d 

1— ^ r -^» Hence if the laft two fluents be 



«■ —aX.« —0 



given, w^e have the general law of continuation up to the^ 

\ m 

fluent of x^x V"^-^ - 

The utiHty of finding fluents by continuation was manifeft 
to Sir Isaac N&wton, who firft propofed it; and fince his 
time fome of the moft eminent mathematicians have employed 
much of their attention upon it. The method which I have 
inveftigated and exemplified in this Paper I offer as beino- en- 
tirely new ; and at the fame time it not only exhibits, at once, 
the general law up to the required fluent, but alfo appears, fiom- 
fome of the inftances here given, to be more extenfive and con- 
venient in its application than any method hitherto ofFered. 

The 
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The general refolutioa of the given fluxion into a feries of 
fluxions of the fame kind, where the index of the unknown 
quantity without the vinculum keeps decreafing or increafing 
either by the index under or by half the index, has not, that 
I know of, before been given ; which furnifhes us at once not 
only with a very eafy method of continuing fluents, but alfo 
points out a very iimple method of inveftigating the fluent of 
the given fluxion without continuation. For 'i^ fk ^p + bfii 
+ c/C + d/''D + Scc./B:sf+c'/C + J'/D+ &c./C =i 
^'■' + //yb + &c. &c. &c. then if for/B,/C, &c. &c. we 
fubftitute their refpedive values, we ftall get a general feries 
ior/k. without continuation. The extent of any new method 
is, at firfl:, feldom obvious j and how far that which is here 
propofed may be fuccefsfully employed in other cafes will beft 
appear from its application. Different methods will always be 
found to have their ufes in particular cafes ; for where one be- 
comes impracticable another will often be found to fucceed i 
and I hope that which is here ofiered will contribute forae* 
thing towards facilitating the inveftigation of fluents. 




